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The fluctuetions of a quentum degenerate Bose-Einstein gzas

1. Introduction

We guots two femilier theorems on fluctustions in the grand enssmble of
Gibbs (R.H.Fowler, Stetistical Mechsnice, IInd Edn. 1936):

Loy -m)2y = wrmu (1)

Wy = w2 = ey -<ap/bv>} (2)
where <n> end <p> sre the mean deraity and mesn pressure of s glven phase in
the ensemble, Ve is the (ibbse free energy psr psrticle end V the volune of
the phass. 2q.(1) can slao be expresased in the form

Laph)®y = = w/jrP(spsony] (3)
giving the meen squere relative denaity fluctuetions of the phase. Tha etap
from Eq.{1) to Eq.(3) ie valid only if 3p/3V 1is not zero; the infinity given
then by Zq.(3) beinp spurious.

In an ideal Boss~Einstein gee we have

K dan = VT mr/M2)>/23 (175 e M/ (&)
3
snd in terme of the degenerscy temperature T, defined by A« = C, or by
(Y - v(2ﬁ’nn¢r°/hz)5/2%)(1/35/2) (5)
we have

KT¥) AU = <n)(1/2,512)(v/r°)5/22(1/j%)e3f“/' KT (&)
3
When T-#To and/AL~70, the series diverges end the velative fluctuations
become formslly infinite. 1In fact bp/dV bscomes zero hers end the Eq.(3)

cesses to be valid so this infinlty 1s apurious.



2. Reciprocel relation bstween fluctustions at the degenerecy tempersture

Tonsider en sesembly of one phase only, but divide this phase into a lerge
murber of equsl imaginary cells, each containing s lerge mumbar of etoms.
Every aseembly in the ensemble is provided with exsctly the eame geometricsl
pattern of cells. The formaltem of the grend ensemble nerries over without
materisl chenge tb this srrangement i{f for the word "phese" one now subetitutee
the word “"cell". Eqg.(3) now reeds to gilve the msen relative equares fluctustions
in deneity of one particulsr cell everaged over the 2nesmble, snd the preasure
derivative on the right is the eversge over the eneemble of the pressure deriv-
ative for e particular cel)l. To obtain e reletion dealing direrctly with ob-
esrved gquentities for the nhase @3 s whole, it ie neccassery to averege once
sgein over ell the cells in the eesembly. ‘e mey write this formally es

Kap/®y = - /¥ /o) ] (7

Thta is the averege over the sssombly of the meen squere fluctuations in the den-
sity of eny one cell; but on the right side is the everape over the asssenmbly of
the pressure derivetive in a cell, end thias 1s not what one would meesurs for
the pressure derivetive thet vaniehem et the degensracy temperetirre. To repast:
the derivative thst veniehes et the degenerecy tempereture is the Aderivetive of
the mesn pressure of ths whole essembly whioh would be written E((p))/BV o

Cn this cell pioture we also have to re~interpret 2q.(2) for the preesure
fluctustions, To do thies let us first aversge the cell pressures over the whola
sseembly, writing this (p), snd then averege over the ensemble, applying Eq.(2)
to (p) instead of p:

L&y - P> = a{denAY - (K] (®)
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The left hand side L now exectly whst one would cbserve psp ape wesn square

fluctuntions of the esseably prsssure, end the right han tLie containe both
the chbasrvsd pressure cosfficient, snd the pressurs coeft #rgant that appssrs
in ths relativs demsity fluctustions in %g.(7). Putting ¢thg ghmarved AreeBure

coefficlent zerc for the oondition st the degenerscy tomeer oyre using Eq.(8)
] o

in Eq.(7) we find the following reciprocal relation bstw, e tne relative mesn

squ.ars fluctustions of dsnsity and pressure:

2 2 2
T e T Lap/e)DLae/m™) - (xT/pV) (9)
The pi‘essurs hers rsfsrs tc the meen velus for ths 88884, while the density
. refers to the csll, end the volume V is the volums of 8 507) ., The density
fluctuet ions cannot become infinite unless the pressure 41|, s 4uotions venish

The prsssure dsrivstive of the Bcse-Einsteln gss Iy 1 ig zero for ell
T < T, and therefore Eq.(9) is valid belovw the degem,...,ky temperature and
we nay wriles

2 2

TS T LageDar/m)D - (3.8A°(r /1) (10)
whsre the demiity fluctustions refer to cells conteinligs i atoms, end the
pressure is thut of the whols ags2mbiy. The magnitude ;o0 ty, £ luotuat ions
thersfors increvees with ducressing T, spprosching inf{;_nuy only when T

spprosches sbesoluls zero.

%o Fluotustions ut ths Vsn der Weals criticel polym

2q.(9) appliss ecqually well to the fluctustione inr 4 olassical ges at the

Ven der Weals oriticel point, whsre the right hend sliee gy comes roughly squel

to 10/1‘12, wvhere N is ths number of stoms per cell. », o an order of megnitude

check on the rsletion, ws may essume that the pressun twd density on the left



sre related by the Ven der Waalas squetion in the neighborhood of the criticel

point: bip/bv3 = - 9pc/V2 and AP = (1/33)(35p/bv5)25v5 so thet
aefe, = (3/2)(LployY (11)

If quite formslly of course we equete these quantities Ap/p, snd zﬁg/?c to

tho reletive fluctustions, to got the order of magnitude we find Eq.(9) becomes
<(A?/?c)2.> - (128/'27)1/h N2 (12)

where N is the mean rumber in the cell. GO, hes » criticel density 0.460 g/om’

end interatcmic distence 14.4% » 80 8 281l containing 106 molecules would have

linear dimenatons sbout half e wevelength of blue iight. From Eq.(12) the denesity

of such a c81l would fluctuate by about 4%, end thie 1s possibly enough %o

azcount for oritical opelenocence.

% Liquid helium?

I+ hes been suggested that the existence of thess large fluctuations st
the degenersacy temperature of s Bose-Einstein gas ought to show up in liquid
alium if the latter hes a Bose~Zinstein dxplanation. This suggeation does not
hold up under examinetion, beceuse the necesssry condition for larpge fluotustions
i{s the veniehing of thes pressurs cosfficient, not the nature of the statistics;

the pressure coefficient dos?not venish in 1iquid helium et th7ﬁambda point.
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